Background: The actual problem for calculating a shape of free surface of the melt when analyzing the processes of wire-based electron-beam surfacing on the substrate, being introduced into additive manufacturing, is the development of adequate mathematical models of heat and mass transfer. The paper proposed a formulation of the problem of melt motion in the framework of the Lagrangian description. The mathematical statement includes the balance equations for mass, momentum and energy, and physical equations for describing heat and mass transfer. Methods: The smoothed particle hydrodynamics method was used for numerical simulation of the process of wirebased electron-beam surfacing on the substrate made from same materials (titanium or steel). A finite-difference analog of the equations is given and the algorithm for solving the problem is implemented. To integrate the discretized equations Verlet method was utilized. Algorithms are implemented in the open software package LAMMPS. Results: The numerical simulation results allow the estimation of non-stationary volume temperature distributions, melt flow velocities and pressures, and characteristics of process. Conclusion: The possibility of applying the developed mathematical model to describe additive production is shown. The comparison of numerical calculations with experimental studies showed good agreement.
Introduction
Today, it is important to ensure such conditions where we can apply the digital manufacturing concept to aerospace enterprises. The digital manufacturing concept (Industrial 4.0) calls for the integration of industry and digital technologies to create digital manufacturing facilities or smart plants and factories where all devices, machines, products and people communicate by means of digital technologies. The fact that hybrid technologies are fast-evolving leads to the necessity of multivariant simulation modeling for manufacturing processes, which makes it possible to preliminarily select technological parameters for various product manufacturing processes, including the build-up process, as well as considerably reduce the technology development stage.
The technology of electron-beam wire additive manufacturing (Lorenz et al. 2015; Ding et al. 2015; Stawovy 2018; Fuchs et al. 2018; Fortuna et al. 2018; Tarasov et al. 2018) uses an electron beam to melt wire filler material. In the process of layer-by-layer melting, a workpiece is manufactured for subsequent processing. The vacuum necessary for the implementation of the electron beam welding process also provides exceptional protection of molten metal during a workpiece manufacturing. The use of filler wire as a starting material eliminates the problems associated with a low productivity of existing methods, a high cost of equipment, limited types of materials used associated with the traditional use of powder systems fused with a powerful heat source as the initial material for the additive formation (Jhavar et al. 2014; Kapil et al. 2016; Zhang et al. 2017) . Wire materials are easier to store, they create fewer safety and health problems compared to metal powders (especially titanium, magnesium alloys and other active metals). The manufacturing productivity of parts from powder materials in traditional additive technologies is extremely low, which virtually prevents the use of these technologies for production of large-sized items. The technology of hybrid manufacturing of products combines the best characteristics of the additive manufacturing and the subsequent mechanical removal of a material in the process of creating metal products (Kapil et al. 2016; Zhang et al. 2017) . The process can be implemented on one platform with a hybrid layer-by-layer deposition of a wire material and processing using a CNC machine and is optimal to manufacture large-sized parts of with a low and medium complexity. An important advantage is that the wires are manufactured for the welding industry and are available in a wide range.
It's very difficult to manage the process of additive manufacturing of wire materials. Transverse dimensions and shape of a bead, the ongoing metallurgical processes and the formed structure of the material will depend on many factors, most of which cannot be completely controlled. In the framework of the concept of the digital manufacturing, the manufacturing stage of a product is preceded by a preliminary simulation of a digital prototype behavior under a given set of factors in order to determine a product parameters or its manufacturing technology to ensure the required operational characteristics.
Additive manufacturing (AM) has much in common with welding and related processes. A moving heat source forms a weld pool that moves with the heat source. From a technological point of view, additive technologies are closest to multilayer surfacing, in which the source material (filler wire) also interacts with the heat source, layers grow gradually, thermal cycles are superimposed as new layers are added, and transitional changes in geometry are some of the features that must be taken into account for a better understanding of AM. A complete statement requires solving the related problem of heat conduction and melt flow (Markl and Körner 2016) . The density and other thermophysical characteristics of the material in the solid and liquid state are often considered constant, since this assumption saves computational time. Thermal effects associated with the evaporation of alloying elements are also ignored, since the effect is usually small compared to the input energy from the heat source.
There are attempts to analytically solve the heat problem to describe processes in additive manufacturing (Fathi et al. 2006; Huang et al. 2016; Mladenov et al. 2018 ). An adequate description of an arbitrary geometry requires a solution using numerical methods. The solution to the thermal problem of finite element methods for predicting the size of the weld pool is proposed in (Soylemez et al. 2010) . Heat transfer and fluid flow models using finite difference method (FDM) are considered in the works of (Jamshidinia et al. 2013; Yuan and Gu 2015) . To describe the motion of the free surface, the Level-Set method in a combination with the Volume of fluid (VOF) using the finite difference methods (FDM) are used (He and Mazumder 2007; Morville et al. 2012; Qi et al. 2006; Lee et al. 2014; Lee and Zhang 2015) The considered modeling methods allow us to describe in detail the processes of heat and mass transfer in the additive manufacturing of products by melting wire materials with a detailed account of the behavior dynamics of the free surface of the metal melt. The results of such modeling are effective to understand the physical features of the processes, but they need significant computational costs. The application of the results may be more in obtaining general criteria relations (Hu et al. 2019) , rather than to predict the geometric parameters of the deposited beads. The use of calculations to predict the geometric parameters of the weld bead requires the search for high-performance calculation methods. The application of the SPH method looks promising. This method is highly productive, effective in organizing parallel computing, and is used in particular in computer simulators to simulate the flow of a fluid with a free surface in real time. There appear first works on the application of this method in modeling welding processes (Hu and Eberhard 2017; Trautmann et al. 2018) or in modeling powder-bed additive processes (Russell et al. 2018) . At the same time, this method is practically not mentioned in the open media about the use of this method to model the wire-based additive manufacturing. In the present paper, we propose a description of the numerical implementation using the SPH method for modeling the electron-beam wire additive manufacturing. The numerical implementation was carried out using open-source application software -LAMMPS, which may be of a particular interest to readers.
Smoothed particle hydrodynamics method
In addition to grid-based and finite element methods of numerical modeling for the motion, deformation and destruction of condensed media, there are mesh-free methods (Liu 2009 ) that, in some cases, are more effective and less strict with regard to computational resources, one of which is the "smoothed particle hydrodynamics" method (SPH) independently suggested by several authors in 1977, initially for the purpose of solving problems in astrophysics (Lucy 1977; Gingold and Monaghan 1977) and later for the purpose of solving problems in continuum mechanics (Johnson et al. 1996; Libersky and Petschek 1991; Libersky et al. 1993) .
For the sake of convenience, the abbreviation SPH will be used to specify the name of this numerical method. As for mesh-free methods, there is no need to determine mesh nodes or elements as, for example, in case of finite element methods. In order to describe the condition of a continuous medium (a solid, fluid or gas), the SPH method needs a certain set of points known as particles or pseudo-particles. For the purpose of describing the evolution of a medium, the SPH method uses an absolutely Lagrangian approach that permits the discretization of a prescribed set of continuum equations by interpolating the properties directly at a discrete set of points distributed over the solution domain with no need to define a spatial mesh. The method's Lagrangian nature associated with the absence of a fixed mesh is its main strength. Difficulties associated with the motion of a medium and structural problems involving large deformations and free surfaces are resolved in a natural way.
At its core, the SPH method can be regarded as an intuitive discretization method for continuum partial differential equations. In this respect, the SPH method is quite similar to the finite element method, but unlike the latter, uses an evolving interpolation scheme to approximate a field variable at any point in a domain. The value of a variable at a particle of interest can be approximated by summing the contributions from a set of neighboring particles whose contribution is defined by a functional kernel that plays a smoothing role for field variables at a certain specific scale.
The SPH method is effective to apply to processes with large deformations (Monaghan 2006; Ba and Gakwaya 2018) . The method's most popular applications are as follows: fluid spraying, wave dynamics, ballistics, spraying (as in paint spraying), gas flow, fragmentation and destruction. There are many applications for which both the coupled Eulerian-Lagrangian and the SPH methods can be used. In many coupled Eulerian-Lagrangian approaches the material's void ratio is high and, consequently, computational efforts may be prohibitively high. In these cases, the SPH method is preferred. For example, tracking fragments from a primary effect until a secondary effect occurs can be very expensive in a coupled Eulerian-Lagrangian analysis but comes at no additional cost in SPH. The SPH methods' effective application is well confirmed in impact effect and fracture problems. The studies by Johnson, Stryk and Beissel (Johnson et al. 1996) , Hayhurst and Clegg (Hayhurst and Clegg 1997 ) (these two authors implemented the method into the AUTODYN-2D commercial application package for dynamic modeling) were among the first to illustrate the SPH application for modeling a high-velocity dynamic effect. Modern application packages, such as ABAQUS/Explicit (Ba and Gakwaya 2018; Zahedi et al. 2013; Demiral 2014) and ANSYS/LSDYNA Terranova et al. 2018) , allow us to carry out the numerical modeling of dynamic processes using the SPH method, including in a coupled setting when bodies are represented by various heterogeneous media, some of which are modeled by the finite element approach and others by the SPH method (Xiao et al. 2011) . As is evident from the foregoing, the SPH method is rather widely used to describe the motion of fluids (Liu 2009; Monaghan 2006; Morris et al. 1997) .
The method's application to the mechanics of solids is still a rather unexplored area, but recently there has been an intensive growth in metal treatment (Bonet and Kulasegaram 2000; Ma and Hartmaier 2016; Xiao et al. 2017; Stenberg et al. 2017; Spreng and Eberhard 2018; Zhang et al. 2019 ) and melting/crystallization (Monaghan et al. 2005; Faizal and Septiawan 2014; Farrokhpanah et al. 2017; Cleary 2010; Cleary et al. 2002; Kulasegaram et al. 2003; Alexiadis et al. 2018; Gerasimov et al. 2017) works. When modeling mechanical processes in solids, researchers often use traditional isotropic von Mises (Bonet and Kulasegaram 2000; Benz and Asphaug 1995; Batra and Zhang 2004; Cleary and Das 2008) and Johnson-Cook (Johnson and Cook 1985; Batra and Zhang 2008; Gong et al. 2015; Dong et al. 2017; Dong et al. 2018 ) plasticity models that proved themselves to be good for dynamic and impact loadings. However, questions remain unanswered when it comes to the description, with the use of the SPH method, of the anisotropy of physicomechanical properties of metals and alloys under thermomechanical effect, melting and crystallization.
>The thermomechanical treatment of metals and alloys in both fluid and solid phases can cause various perturbations resulting in the fact that a favorable mode becomes unstable. The modeling of the perturbation evolution in the SPH method is a topical and largely unexplored problem (Rahmat et al. 2014; Shadloo et al. 2013; Shadloo and Yildiz 2011; Shadloo and Yildiz 2012) .
Approximation of heat and mass transfer equations by the SPH method
The differential equation system that describes the evolution of density ρ, velocity u ! and specific energy e of a continuous medium in the form of balance laws is under consideration.
where
The SPH method's principle consists in approximating field variables {ρ, u ! ; e, σ; q ! }. The transition from a continual medium to a discrete one implies that continuous function f ð r ! Þ that characterizes a field variable is replaced by its discrete analog f i . Piecewise constant value f i that is determined for each particle i as amount N of values f j from particles j of the circumference within prescribed distance h
where m jmass of a particle, ρ jdensity of a particle, Wsmoothing function (kernel). In (2) and further in the text we use equivalent desig-
Formally, in expression (2) the summation takes place only for particles inside a certain domain for which
The volume integration procedure allows us to turn from partial differential eq. (1) to ordinary differential equations.
In this case the SPH method's advantage is that coordinate derivatives affect neither the mass of particles m j nor field values f j , and the differentiation takes place only for weight functions W ij . At the same time, the gradient of a certain value can be presented as follows
Let us consider the properties of weight function W (kernel). The kernel is subject to a compactness (normalization) limitation
At h → 0, the kernel turns into δ-function
The radial symmetry of function W makes it possible to turn from the gradient to its derivative as follows
Property (6) implies the anti-symmetry of gradient ∇ j W ij = − ∇ j W ji . It is also easy to note that an expression for the density of particles is obtained by averaging the mass for weight functions
It should be noted that expression (7) implies a certain average mass in radius domain ‖ r
Whereas the remaining field values will have the weighed averaging.
Before formulating a full statement of hydrodynamics equations (Navier-Stokes equations), additional expressions for differentiation operators will be required. Let us consider the continuity equation (the first one from (1)) that contains the velocity vector's divergence. For the differentiation operator we will use the property
that allows us to rewrite the continuity equation as follows
By applying the smoothed particle method's discretization and expression (3) to continuity eq. (9) we will obtain
In order to derive the momentum balance equation's discretization (the second one from (1)), we will use the stress tensor's divergence
By expressing the last addend from (11) and inserting it into momentum balance eq. (1) we will obtain
The spatial derivatives in (12) can be also represented with the use of expression (3)
The final motion equation for particle i will be written as
that, taking into account multiplier m i , leads to an expression for the force that affects particle i
It is obvious that the expression for force (16) is antisymmetric due to (6). From there it follows that this discretization preserves a total momentum.
Similarly, an equation is derived for the balance of specific energy
For a viscous medium, we use the closing equation (defining a ratio) that connects the stress tensor with the velocity gradient as follows
Closing eq. (18) makes it possible to represent the motion equation's right part using the discretization similar to the representation of thermal flows and suggested in work (Morris et al. 1997) .
The representation of viscous addend (19) is allowed to write the discrete analog of the force that affects particle i (motion equation) as follows
In order to correctly describe dissipative addends in an energy equation, it is necessary to consider the volumetric and viscous components of stress tensor (18)
Equations (20-21) represent a formulation suitable for computations by the SPH method. Such realization is presented in the LAMMPS open package (a particle modeling code developed and supported at Sandia National Laboratories, USA) (Ganzenmuller et al. 2011 ). This package is first of all intended for atomistic modeling, but also gives a general, completely parallelized basis for particle modeling based on Newton's motion equations. In addition to a full system of equations for density (10), velocity (20) and energy (21), there is a closing equation for temperature T = e/C v where C v − specific thermal capacity. The statement is complemented by initial conditions and thermally insulated boundary conditions (i.e. zero heat flux) that are set for nodes (SPH particles). The power of the electron beam and the model heat source are connected as follows: the power of the electron beam is multiplied by the integration step, then the resulting energy is evenly divided into particles entering the electron beam.
Note that for the description of phase transformations, all particles that are lower than the melting temperature are fixed. The viscosity in the liquid and solid phase is a single constant, which is a fairly common technique, since particles below the melting point are frozen. Besides, accounting for capillary forces in models of this type is necessary. However, at the first stages of work, we assess the possibilities of using SPH without taking into account capillary force models. This is done for high performance source code. When integrating obtained differential equations for viscous flows, a time step is limited by a viscous component, unlike the well-known Courant condition (for example, as in grid-based methods). Therefore, stable numerical modeling should be carried out with the time step
where h − discretization parameter of the SPH method, ν = μ/ρ − kinematic viscosity. The LAMMPS code realizes a standard numerical scheme of Verlet integration that consists in the sequential algorithm used to calculate particle velocity values (Ganzenmuller et al. 2011) : 
The above integration scheme cannot directly apply to the SPH method because forces are calculated based on velocities determined in a half time step. This results in violating the balance of mass, momentum and energy as equations (10, 20) and (21) obviously depend on the particle velocities. This situation can be improved by calculating the particle velocities extrapolated to a full step
By adding the integration of equations for the local density and internal energy we will write the full Verlet scheme as follows (Ganzenmuller et al. 2011) :
; Fig. 1 The problem's geometry Fig. 2 The modernized installation for additive layer-by-layer product formation by an electron beam Fig. 3 Finished weld beads with mode numbers 
The division of the evolution in time for the density and energy into two separate steps gives, similarly to the integration of velocity u ! , substantial advantages with regard to the simple Euler scheme for ρ and e that, as we know, leads to the violation of balance equations. A computation algorithm specific to the LAMMPS package includes the following steps (Ganzenmuller et al. 2011): 1) Setting the initial distribution of particles. 2) Setting initial parameters for a problem (thermophysical characteristics, particle velocities, a time integration step). 3) A time cycle that realizes a simultaneous solution for heat and mass transfer equations at each time iteration. 4) Setting external effects (gravitation, thermal source) at each iteration. Gravitational component g ! is added to eq. (20). And external thermal flow q ! to eq. (21).
5) Saving computation results.
Problem statement of wire surfacing
The problem of wire build-up (Grade 2 Titanium and 308LSi Steel) onto a substrate from the same material in the spray transfer mode, with the low power of a thermal source, is under consideration. The problem's geometry is presented in Fig. 1 . For the purpose of modeling heat and mass transfer processes with the wire material build-up, we selected the following variable parameters:
1) power of a thermal source; 2) distribution of the density of a thermal source's energy flow; 3) initial temperature of a sample (300 K); 4) power and distribution of an additional volume source (in case of additional induction heating); 5) dependence of a material's thermophysical characteristics on temperature; 6) characteristics of phase transitions; 7) substrate displacement velocity V s ; 8) wire feed rate V w ; 9) wire feed angle α; 10) wire height above the substrate H.
Determination of the geometry and characteristics of finished weld beads in natural experiments
When carrying out experimental works, we used the ELA-6VCh electron-beam energy system that creates an electron beam of up to 6 kW and a designed and manufactured installation for additive product formation that includes a vacuum chamber of 1m 3 with a product positioning mechanism and a wire feed system with differential vacuum pumping (Fig. 2) .
The quality of bead formation under electron beam building up depends on how a heating area covers a welding wire material's surface. This requires either the electron beam's defocusing in the wire end's heating area or the electron beam's scanning that is realized by giving variable signals of a prescribed form to the electron beam gun's deflecting system. The electron beam's defocusing leads to a decrease in its specific power in the heating zone, therefore the use of the beam's scanning is more preferable. The experimental studies under discussion used the scanning along the arc of a circle and a circular path. In order to organize the scanning's prescribed path to the electron beam gun's deflecting system, we gave the stresses that were being generated by a computer system with digital-to-analog interface realized on a digital-to-analog transformer by L-CARD and a wide-band two-channel signal amplifier. As the experiments show, the electron beam's scanning according to these paths not only made the metal's surface clean from dirt, but also ensured a decrease in error from the wire's shake. Figure 3 presents an external view of the finished weld beads, each of which was visually inspected for cracks and other defects. The results are given in Table 1 .
Numerical simulation of heat and mass transfer by the SPH method under electron-beam wire build-up
Within numerical modeling by the SPH method we accepted the following hypotheses:
1) in the process under consideration the thermal source's power, substrate feed rate V s and wire feed rate V w are constant; 2) the ambient temperature is constant; 3) the SPH method sets a thermal source in a surface layer of particles, thereby modeling an energy flow on a surface; 4) the substrate and wire materials have the same chemical composition; 5) molten metal is considered to be an incompressible Newtonian fluid whose physical parameters (density, viscosity, thermal conductivity, etc.) do not depend on temperature; 6) when describing thermal effects in the course of melting and hardening of materials, effective thermal capacity within a quasi-equilibrium model is used. 7) a two-phase zone of a melt is set by a liquidussolidus transition under melting temperature; 8) an effect of latent heat during cooling is neglected; 9) capillary forces are not taken into account; 10) an effect on the motion of a melt of electric and magnetic fields generated by an electron flow is not considered. Table 2 shows the Grade 2 Titanium's (Tang et al. 2014; Fox and Beuth 2013) and the 308LSi Steel's (Wang et al. 2011; Tan et al. 2012; Pang et al. 2016 ) physical characteristics necessary for numerical modeling by the above smoothed particle method.
The wire build-up's variable parameters are presented in Table 3 . In order to solve the problem, we selected various modes of the substrate's displacement and the wire's displacement with corresponding values of the thermal source's power.
The thermal source was set as follows. The LAMMPS package includes commands for geometrical primitives that allow us to single out areas of interest from the problem's geometrical model. The power source simulated the electronic beam's scanning along the circular path and was presented in the form of a hollow cylinder with external and internal diameters different from the beam's doubled diameter. The heating area was set by intersecting with the geometry elements so that the surface particles could be separated for the further setting of a thermal flow for them. Every integration step included the addition of internal energy so that a necessary heat inflow could be ensured. The particle separation by the specified method is schematically presented in Fig. 4 .
Results and discussion
Preliminary numerical realizations were carried out via an multiprocessor computer (IBM 2х300 sas 15 k, 4xIntel by Xeon E7520, 64Gb) with the use of MPI multithread computations in the LAMMPS package with the following parameters:
1. wire diameter d = 0.8...1.2 mm; 2. substrate dimensions 10 х 20 х 5 mm; 3. discretization parameter h = 0.2 mm; 4. substrate displacement velocity V s = 5 mm/sec; 5. wire feed rate V w = 10...15 mm/sec; 6. wire height above the substrate H = 1.5 mm. 7. wire feed angle α = 45°. Fig. 4 The heating zone as the intersection of the cylinder (electron beam area) and the elements that identifies surface particles for setting a thermal source With the parameters set, the problem consisted of 137,000 particles. Most particles were accounted for the substrate, therefore it is reasonable to decrease the substrate's height for the purpose of reducing a computation time, which also affects neither the heat distribution nor the build-up process.
In order to verify the computation results of the heat and mass transfer processes when building up wire materials by an electronic beam, we compared the computational and experimental results obtained when building up single beads with mode parameters varied. During the preliminary tests, we selected certain buildup modes to ensure stable formation of a bead being built-up with a continuous metal transfer from wire to the welding pool (Table 4 ). Figure 5 shows the specific results of numerical modeling at various time points as exemplified in the computation for mode 1 (Table 4 ). These pictures show the formation of a bead from the time of thermal source's power activation and wire feed to a stable mode, then the wire feed stopped. Temperature is displayed in the color scale. As the process continues to develop, the bead's width increases and reaches an established value after 1.5 s. The diameter of the electronic beam's scanning affects the bead's width. The interaction of the electronic beam and the substrate's surface leads to its melting due to attacking by electrons. As a result, the best wetting takes place and the contact angle decreases. Figure 6 presents a top view of the bead in the course of building up.
Figures 7 and 8 present the temperature distributions in the course of building up in longitudinal and cross sections. Figure 9 shows the computational results of thermal fields and the pool's free surface when building up with steel wire (mode 2).
The numerical modeling results for the wire build-up under various modes were processed for the purpose of determining the bead's geometrical characteristics and the melt bath's volume. The computational values as compared to the experimental data are given in Table 1 . The obtained mean-square divergence for the width -4%, a maximum one is 4%, for the height -4% and 5% respectively.
Conclusion
This work presents the mathematical model that describes heat and mass transfer in the course of additive product formation by melting a wire material with a 1) non-stationary equations of heat and mass transfer; 2) considers the use of preliminary and accompanying induction heating by means of changing the initial temperature and setting the additional distributed volume thermal source; 3) thermal and hydrodynamic boundary conditions that consider the existence of a free deformable boundary of the "metal-environment" section.
The mathematical model of heat and mass transfer processes, under an additive formation process, has the following variable parameters:
1) power and type of a thermal source; 2) distribution of the density of a thermal source's energy flow; 3) initial temperature of a sample; 4) power of additional volume heating; 5) dependence of a material's thermophysical characteristics on temperature; 6) characteristics of phase transitions; 7) substrate displacement velocity; 8) wire feed rate; 9) wire height above the substrate H = 1.5 mm; 10) wire feed angle α = 45°. In the three-dimensional formulation we implemented a mathematical model of heat and mass transfer in the process of additive formation of products by fusion of wire materials using the electron beam. The model describes non-stationary nonequilibrium conjugate heat and mass transfer processes in the molten metal with a free surface, includes differential equations of motion of a viscous medium (Navier-Stokes) and allows calculating volumetric distributions of temperatures, melt flow rates, pressures, the shape and dimensions of the molten bath, the shape of the free surface of the molten metal, the shape and dimensions of the weld bead.
The numerical implementation is carried out in a free software package for modeling LAMMPS, which also includes the implementation of the SPH method as an additional module. The proposed algorithm for solving the related heat and mass transfer problem was implemented as a script for solving the problem in the LAMMPS package. An option of setting the heat flux from the electron beam oscillating around a circle in the form of a hollow cylinder is proposed. The simulation was carried out using a high-performance computer with the MPI parallelization technology.
The multivariate modeling and verification was carried out using the example of calculating the deposition of the titanium and steel wire on the appropriate substrates for three different modes of the wire feed and heating power. The developed model allows us to predict the geometric parameters of the weld bead and make a preliminary selection of the technological parameters of the surfacing process. The error in the test examples did not exceed 10% for the height and width of the bead.
In the simulation, capillary forces were ignored due to surface tension being ignored. Despite the fact that a good agreement between the experimental and calculated data was obtained, in order to further increase the accuracy and "increase" the physicality of the model in the future works, the model will be supplemented by taking capillary forces into account.
